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CPA method implemented in the
temperature Green's function formalism

in the basis of Wannier functions

Single-site electron Green's function Ĝ(iωn):

Ĝ(iωn) = ∑
k
 { (µ + iωn) Î – Ĥ0(k) – Σ(iωn) }-1,                            (1)

where ωn=(2n+1)πβ are the odd Matsubara frequencies, β=1/T is 
inverse temperature, µ – chemical potential, Î – unity matrix, 
Ĥ0(k) – the Hamiltonian of the system without impurity in the 
basis of Wannier functions, Σ(iωn) is the coherent potential. 

The self-consistent solution is achieved if the on-site Green 
function (1) coincides with the Green function of single impurity 
model Ĝ = Ĝimp. 

Let us call the part of the Green function corresponding to 
effective medium (the sites on which the impurity is uniformly 
distributed) as Ĝeff . Then the Dyson equation for the Green 
function of the bath will have the form

Ĝ0 = { Ĝeff
-1 + Σ }-1.                  (2)

We denote the components of the Green function at the sites 
containing the impurity as host and impurity. 

Ĝhost = Ĝ0,                                              (3)

Ĝimp = Ĝ0 { 1 – ΔV·Ĝ0 }-1,                  (4)

where ΔV is the difference in potentials between the impurity and 
host atoms. 

The new Green function can be constructed as

Ĝeff
new = (1 – x) Ĝhost + x Ĝimp,                        (5)

with impurity concentration x. The equation (5) replaces the 
solution of the single impurity Anderson model in DMFT 
method. 

New coherent potential could be obtained from equation (2):

Σnew = – { Ĝeff
new }-1 + { Ĝ0 }-1.                                (6)

Then the new Σ is used in Eq. (1), and procedure of searching of 
Σ, Eqs.(1-6), is repeated until the self-consistency. 

Finally, to calculate the density of states, Σscf(iω) is analytically 
continued to the real energy axis using the Padé approximants.

CaMgSi2O6

Noncollinear magnetic ground state 

Correlations + spin-orbit coupling

In the case of strongly correlated host sublattice, Eq. (3) becomes

Ĝhost = Ĝ0 { 1 – ΔVU+SO·Ĝ0 }-1,                                     (7)

where ΔVU could be found in the static mean-field limit as 
ΔVU ≡ Vmm' σ =    (8)
∑

m''m'''
{<mm''|Vee|m'm'''>nm''m''' –σ+[<mm''|Vee|m'm'''>–<mm''|Vee|m'''m'>]nm''m''' σ}–VDC.   

In Eq. (8) the matrix elements of single-particle potential Vmm' are 
expressed via complex spherical harmonics Ykq, Slater integrals Fk

<mm''|Vee|m'm'''> = ∑k ak(m,m',m'',m''') Fk,                                                (9)

ak(m,m',m'',m''') = 4π/(2k+1) ∑q=-k
k <lm|Ykq|lm'> <lm''|Ykq*|lm'''>,                         (10)

and occupancy n, n = ∑
mσ

 nmm
σ, nmm

σ = 1/β ∑
n
Tr Ĝhost

σ(iωn)eiωn0
+
. 

The spin–orbit interaction provides additional corrections, 
including off- diagonal in the spin index σ, to the Hamiltonian:

ΔVSO ≡ Vmm' σ σ' = (δσσ' –1) ∑
m''m'''

<mm''|Vee|m'''m'>nm''m''' σ',σ +δmm' δσσ' λmσ +

½ (δm,m'-1 δσ,-σ' + δm-1,m δ-σ,σ' ) λ √(l+m) (l–m+1)                                              (11)

Finally, ΔVU+SO=ΔVU+ΔVSO 

Inclusion of effects of self-
consistency

of electron density

In Eq. (8), VDC is the correction to the potential for  the 
subtraction of the Coulomb interaction, which is  already taken 
into account in the LDA: 

VDC [ n ] = ½ U ( 2n – 1 ) – ½ J( n – 1 )                                    (12)

Eq. (12) is commonly accepted for the full orbital calculation, 
where not only the population of  the correlated shell but also the 
electron density of  other orbitals is self consistent at each 
iteration; i.e., the Hamiltonian of the problem is completely 
recalculated at each self consistency iteration.

In the proposed method, the Hamiltonian written in the basis of 
the Wannier functions in the LDA remains unchanged. Only the 
population n of the shell varies in the self consistency process. In 
the absence of self consistency of the electron density, Eq. (12) 
gives incorrect results.

To take into account the effects of self consistency of the electron 
density, we propose to change the correction VDC written in Eq. 
(12) by subtracting the expression

ΔV [ n – n
0
 ] = U

eff 
( n – n

0
 ) = (U – ½ J) ( n – n

0
 ) ,                   (13)

where n
0
 is the population of the correlated shell calculated in 

terms of the LDA Hamiltonian Ĥ0(k). Finally,

VDC
new

=VDC [n] –ΔV [n–n
0
] =½U(2n

0
–1)–½J(n

0
–1)=const          (14)

The total energy of the system in our method is defined as

Etotal[β]=1/βΣ
n,k

Tr{(Ĥ0(k)+½Σ)Ĝk(iωn)–Ĥ0(k)Ĝk
0
(iωn)}eiωn0

+          
(15)

where

Ĝk(iωn) = { (µ + iωn) Î – Ĥ0(k) – Σ(iωn) }-1

Ĝk
0
(iωn)= { (µ + iωn) Î – Ĥ0(k) }-1

Supercell calculation of dV

To calculate the parameters ΔV (Eq. (4)) which are the potential 
difference between the impurity and host atoms, supercell 
calculation are done. 
1). The self-consistent LDA Hamiltonian Ĥ0

supercell(k) was obtained. 
2). This Ĥ0

supercell(k) was projected to the same as for the Ĥ0(k) 
Wannier functions basis ĤWF

supercell(k). 
3a). For the quantity ĤWF

supercell(R)|
R=0

 = ∑
k
 ĤWF

supercell(k) the energy 

difference ΔV=const between corresponding orbitals of impurity 
and host atom located at the largest distance from this impurity in 
the supercell is calculated. 

3b). ΔV(iωn) = Ĝ -1host(iωn) – Ĝ -1imp(iωn) 
between corresponding impurity and host atom located at the largest 
distance from this impurity in the supercell is calculated.

 

UO
2+yPuO

2-x
UO2 has fcc CaF2 fluorite structure with a=5.470 Å, is insulating with a band gap 
∆=2.1 eV and orders antiferromagnetically (AF-I type) below TN=30.8 K with 
ordered magnetic moment 1.74 µB and effective magnetic moment 3.2 µB.

Even for UO2 we added 2 types of Empty spheres, E' and E'', to reproduce so-called 
“Willson cluster” - specific crystal structure for UO2.12.

For calculation of the electronic structure of UO2 in the LDA+U 
approach in the basis of Wannier functions, we assumed an AF-I 
ordering with the oxygens at the ideal fluorite positions. The lattice 
parameter was taken to be 5.4517 Å corresponding to UO2.12 
composition. The calculated values of Coulomb U and Hund J 
parameters are 3.98 and 0.46 eV. The spectra are shown in Figure. 
The calculated band gap is 1.9 eV, the f-U  occupancy is 2.52 e, the 
value of spin magnetic moment of f-U is 1.94 µB. 

Unit cell of UO2 used in calculations. E' and E'' means interstitial positions for extra oxygen.

Total and partial density of states of UO2  calculated in the temperature Green's function formalism in the basis of Wannier 
functions within the LDA+U.

We included the spin-orbit coupling into consideration also. The 
calculated value of the spin-orbit constant is 0.27 eV. As a result 
of spin-orbit coupling, the band gap increased on 0.3 eV, the f-U 
occupancy decreased on 0.01 e. The calculated values of f-U 
moments are 2S=1.12 µB, L=3.32 µB, their directions are along 
~(√3/2,1/2,0), opposite to each other, total moment J=2.76 µB. In 
LS scheme g-factor is 0.8 , which leads to µeff=g√J(J+1)=2.58 µB. 
Note that calculated orbital moment L=3.32 is far from 5.

Total density of states of UO2±y and 
partial density of states of f-U 

calculated within the LDA+U+SO.

Composition under consideration: UO1.87O'0.13O''0.12
  

Main changes (in comparison with UO2; see Figs.):
 metal instead of insulator,
 f-U occupancy is increased up to 2.64 e 

(f 5/2 – on 0.11 e, f 7/2 – on 0.02 e),
 magnetic characteristics became 

2S=1.41 µB, L=3.91 µB, J=3.21.

These changes in spectral and magnetic properties are influenced 
by the changes in uranium-oxygen hybridization. 

Pu

O

Coulomb parameter U=6.00 eV, Hund parameter J=0.54 eV, spin-orbit coupling constant  eV.

Fluorite (CaF
2
)

Space group Fm-3m

a=5.396 Å
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Pure PuO2. There are 4 states of 5f 4 configura-
tion: Г1(1), Г3(2), Г4(3), and Г5(3). We have 
found 4 self-consistent solutions also; two of 
them are nonmagnetic, the other two – magnetic. 
Energy difference between them and calculated 
magnetic numbers are shown in Table.

The ground state of PuO1.95 is magnetic and it is originated 
from magnetic excited state 2 of pure PuO2. Occupancies:

In this magnetic ground state of PuO1.95  f total is increased 
on 0.79 e in comparison with that for PuO2.  f 7/2 accepts 
more additional electronic states than f 5/2. Formal 
configuration became f 5 – intermediate between PuO and 
PuO2.

The first excited state (137 meV higher than ground state) 
of PuO1.95 is nonmagnetic and it is originated from 
nonmagnetic ground state of pure PuO2. Occupancies:

In this magnetic ground state of PuO1.95  f total is increased 
on 1.31 e in comparison with that for PuO2.  Formal 
configuration became f 6 – as for PuO.

It is interesting to note that magnetic PuO2-x is calcuated to be insulating already at x=0.5 whereas 
nonmagnetic PuO2-x becomes to be insulator only for x=1.
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Energy diff. (eV) 2S L J

Ground state 0 - - -

1-st exited state 127 3.58 3.67 1.88

2-nd exited state 132 3.54 4.31 2.54

3-rd exited state 295 - - -

PuO
2

PuO
1.95

f total f 5/2 f 7/2 f total f 5/2 f 7/2

4.47 3.33 1.14 5.26 3.60 1.66

PuO
2

PuO
1.95

f total f 5/2 f 7/2 f total f 5/2 f 7/2

4.51 4.17 0.34 5.82 5.57 0.25


